The branching ratios and CP violations of the B → Dπ decays, including both the color-allowed and the color-suppressed modes, are investigated in detail within QCD framework by considering all diagrams which lead to three effective currents of two quarks. An intrinsic mass scale as a dynamical gluon mass is introduced to treat the infrared divergence caused by the soft collinear approximation in the endpoint regions, and the Cutkosky rule is adopted to deal with a physical-region singularity of the on mass-shell quark propagators. When the dynamical gluon mass µ g is regarded as a universal scale, it is extracted to be around µ g = 440 MeV from one of the well-measured B → Dπ decay modes.
I. INTRODUCTION
Nonleptonic B-meson decays are of crucial importance to deepen our insights into the flavor structure of the Standard Model (SM), the origin of CP violation, and the dynamics of hadronic decays, as well as to search for any signals of new physics beyond the SM. However, due to the non-perturbative strong interactions involved in these decays, the task is hampered by the computation of matrix elements between the initial and the final hadron states. In order to deal with these complicated matrix elements reliably, several novel methods based on the naive factorization approach (FA) [1] , such as the QCD factorization approach (QCDF) [2] , the perturbation QCD method (pQCD) [3] , and the soft-collinear effective theory (SCET) [4] , have been developed in the past few years. These methods have been used widely to analyze the hadronic B-meson decays, while they have very different understandings for the mechanism of those decays, especially for the case of heavy-light final states, such as the B → Dπ decays.
Presently, all these methods can give good predictions for the color allowed B 0 → D + π − mode, but for the color suppressed B 0 → D 0 π 0 mode, the QCDF and the SCET methods could not work well, and the pQCD approach seems leading to a reasonable result in comparison with the experimental data. In this situation, it is interesting to study various approaches and find out a reliable approach.
As the mesons are regarded as quark and anti-quark bound states, the nonleptonic two body meson decays concern three quark-antiquark pairs. It is then natural to investigate the nonleptonic two body meson decays within the QCD framework by considering all Feynman diagrams which lead to three effective currents of two quarks. In our considerations, beyond these sophisticated pQCD, QCDF and SCET, we shall try to find out another simple reliable QCD approach to understand the nonleptonic two body decays. In this note, we are focusing on evaluating the B → Dπ decays.
The paper is organized as follows. In Sect. II, we first analyze the relevant Feynman diagrams and then outline the necessary ingredients for evaluating the branching ratios and CP asymmetries of B → Dπ decays. In Sect. III, we list amplitudes of B → Dπ decays. The approaches for dealing with the physical-region singularities of gluon and quark propagators are given in Sect. IV. Finally, we discuss the branching ratios and the CP asymmetries for those decay modes and give conclusions in Sects. V and VI, respectively. The detail calculations of amplitudes for these decay modes are given in the Appendix.
II. BASIC CONSIDERATIONS FOR EVALUATING B → Dπ DECAYS
We start from the four-quark effective operators in the effective weak Hamiltonian, and then calculate all the Feynman diagrams which lead to effective six-quark interactions. The effective
Hamiltonian for B → Dπ decays can be expressed as
where C 1 and C 2 are the Wilson coefficients which have been evaluated at next-to-leading order [5] , O 1 and O 2 are the tree operators arising from the W -boson exchanges with
where i and j are the SU(3) color indices.
Based on the effective Hamiltonian in Eq.
(1), we can then calculate the decay amplitudes Based on the Isospin symmetry argument, the decay amplitude of this mode can be written
The explicit expressions for the amplitudes of these decay modes are given in detail in next section.
The decay amplitudes of B → Dπ decay modes are quite different. For the color-allowed
, it is expected that the decay amplitude is dominated by the factorizable contribution A f ac (from the diagrams (a) and (b) in Fig. 1 ), while the nonfactorizable contribution A nonf ac (from the diagrams (c) and (d) in Fig. 1 ) has only a marginal impact. This is due to the fact that the former is proportional to the large coefficient
while the latter is proportional to the quite small coefficient
there is an addition color-suppressed factor 1 N C in the nonfactorizable contribution A nonf ac .
In contrast with the B 0 → D + π − mode, the nonfactorizable contribution A nonf ac (from (c) and (d) diagrams in Fig. 2 ) in the B 0 → D 0 π 0 mode is proportional to the large coefficient
∼ 1, and even if with an additional color-suppressed factor
, its contribution is still larger than the factorizable one A f ac (from (a) and (b) diagrams in Fig. 2 ) which is
The factorizable ((a) and (b)) and nonfactorizable ((c) and (d)) diagrams contributing to the proportional to the quite small coefficient
Thus, it is predicted that the decay amplitude of this mode is dominated by the nonfactorizable contribution A nonf ac . As for the B − → D 0 π − mode, since its amplitude can be written as the sum of the ones of the above two modes, it is not easy to see which one should dominate the total amplitude.
The branching ratio for B → Dπ decays can be expressed as follows in terms of the total decay amplitudes
where τ B is the lifetime of the B meson, and p c is the magnitude of the momentum of the final-state particles D and π in the B-meson rest frame and given by
As is well-known, the direct CP violation in meson decays is non-zero only if there are two contributing amplitudes with non-zero relative weak and strong phases. The weak-phase 
where ∆m is the mass difference of the two eigenstates of B d mesons, and S D + π − and C D + π − are given as
with
Where the rephase-invariant quantities a ǫ , a ǫ ′ and a ǫ+ǫ ′ [6] characterize the indirect, direct and mixing-induced CP violations respectively. As a ǫ ≪ 1 for neutral B system, we have
which characterizes direct CP violation. Defining g and h as the amplitudes
− decay modes, respectively, we can further express these two CP asymmetries as
where z = |h/g|, and δ = arg|h/g| represents the relative strong-phase difference between the two amplitudes g and h.
Similarly, we can define another two CP -violating parameters
with the parameterz defined asz = |h/ḡ| = z. Here the amplitudesh andḡ are the charge conjugations of the amplitudes h and g. Since the magnitude of the Cabibbo-suppressed decay amplitude |h| is much smaller than that of the Cabibbo-favored decay amplitude |g|, the ratio z should be quite small and is found to be about 0.02 in our framework. Thus, to a very good
, and the coefficients of the sine terms are given by
To compare with the current experimental data, one usually define the following two quantities, which are given by the combination of two CP -violating parameters
which can provide constraints on the weak phase 2β + γ and the strong phase δ.
III. B → Dπ DECAY AMPLITUDES
Using the methods given in the Appendix, we can get the B → Dπ decay amplitudes, which are composed of three parts: the factorizable contribution A f ac , the nonfactorizable contribution A nonf ac , and the annihilation contribution A anni . The amplitude of
where 
with ω B = 0.25 GeV, and N B being a normalization constant. The D meson distribution amplitude is given by
with the shape parameter C D = 0.8. For the π meson light cone wave functions, we use the asymptotic form as given in Refs. [8, 9, 10] :
where
The annihilation contribution is found to be much smaller than the ones from the factorizable and the nonfactorizable diagrams. Numerically, it is negligible.
For the color-suppressed B 0 → D 0 π 0 decay, its amplitude can be written as
here
here, A f ac , A nonf ac and A anni can be obtained from the ones of decay modeB 0 → D 0 π 0 by simply exchanging the Wilson coefficients C 1 and C 2 .
For the B − → D 0 π − decay, its amplitude can be yielded by using the isospin relation
IV. TREATMENTS FOR PHYSICAL-REGION SINGULARITIES
To perform a numerical calculation of the decay amplitudes of B → Dπ decays, the lightcone projectors of mesons are found to be very useful, and the details of these quantities are presented in the Appendix. Where one encounters the endpoint divergences stemming from the convolution integrals of the meson distribution amplitudes with the hard kernels, which is caused by the collinear approximation. To regulate such an infrared divergence, we may introduce an intrinsic mass scale realized in the symmetry-preserving loop regularization [11, 12] .
At the tree level, it is equivalent to adopt an effective dynamical gluon mass in the propagator.
Practically, such a gluon mass scale has been used to regulate the infrared divergences in the soft endpoint region [13, 14, 15] 1
The use of this effective gluon propagator is supported by the lattice [16] and the field theoretical studies [17] , which have shown that the gluon propagator is not divergent as fast as 1 k 2 . Taking the hadronic scale Λ = Λ QCD , the dynamical gluon mass scale can be determined from one of the well measured decay mode. Numerically, we will see that taking Λ QCD = 300 MeV, the dynamical gluon mass scale is around µ g = (1.5 ± 0.2)Λ QCD .
Another physical-region singularity arises from the on mass-shell quark propagators. It can be easily checked that each Feynman diagram contributing to a given matrix element is entirely real unless some denominators vanish with a physical-region singularity, so that the iǫ prescription for treating the poles becomes relevant. In other words, a Feynman diagram will yield an imaginary part for the decay amplitudes only when the virtual particles in the diagram become on mass-shell, thus the diagram may be considered as a genuine physical process. The Cutkosky rules [18] give a compact expression for the discontinuity across the cut arising from a physical-region singularity. When applying the Cutkosky rules to deal with a physical-region singularity of quark propagators, the following formula holds
where P denotes the principle-value prescription. The role of the δ function is to put the particles corresponding to the intermediate state on their positive energy mass-shell, so that in the physical region, the individual Feynman diagram satisfies the unitarity condition. Equations (25) and (26) will be applied to the quark propagators D da and D ba in Equation (19), respectively. It is then seen that the possible large imaginary parts arise from the virtual quarks across their mass shells as physical-region singularities.
V. NUMERICAL RESULTS
It is seen that for theoretical predictions it depends on many input parameters, such as the Wilson coefficient functions, the CKM matrix elements, the hadronic parameters, and so on.
To carry out a numerical calculation, we take the following input parameters [19] C 1 = 1.117(1.073), 
The Wolfenstein parameters of the CKM matrix elements are taken as [20] : λ = 0.2272 ± 0.001, A = 0.806 ± 0.014,ρ = 0.195
−0.067 ,η = 0.326
).
The coefficient of the twist-3 distribution amplitude of the pseudoscalar π meson is chosen as
With the above values for the input parameters, we are able to calculate the contributions of different amplitudes for each decay mode. Our final results at m b /2 scale are presented in Table I . Figs. 1 or 2) , and the annihilation (diagrams in Fig. 3) contributions, respectively.
Decay modes
As a consequence, we are led to the predictions for the quantities z and δ, as well as the branching ratios of all the B → Dπ decay modes. We present our "default results" of branching ratios and detailed error estimates corresponding to the different theoretical uncertainties caused from the above input parameters in Tables II and III , respectively. The errors consist of three parts: the first one refers to the variation of the dynamical gluon mass scale; the second one arises from the uncertainty due to the CKM parameters A, λ,ρ, andη; the third one originates from the uncertainties due to the meson decay constants and the parameter µ π . Tables I-III , we arrive at the following observations:
From the numerical results given in
(i) For the color-allowed (also Cabibbo-favored) decay mode B 0 → D + π − , the factorizable contribution A f ac dominates the total decay amplitude, while the contributions from A nonf ac and A anni are small. In particular, the contribution of A anni is so small that we can safely neglect it in this decay mode. With the considered uncertainties, it is seen that our result is in agreement with the experimental data [22, 23] , and also consistent with the one given in [24] : (ii) For the doubly Cabibbo-suppressed decay mode B 0 → D − π + , the contributions from A nonf ac and A anni are also much smaller than the one from A f ac . As the contributions are all proportional to the small CKM elements |V ub V * cd | ∼ λ 4 , the branching ratio of this decay mode tal data reported in [26] , but slightly smaller than the recent experimental data given in [25] .
While when considering their respective uncertainties, our prediction is still consistent with the experimental data. with the experimental data given in [22, 23] . On the other hand, when taking into account of the theoretical uncertainties, our prediction is also consistent with the one given by the pQCD method [24] : We now turn to discuss the CP asymmetries in B → Dπ decays. As has already been discussed above, there are no direct CP violations in all these decay modes. In the following discussions, we focus mainly on the time-dependent CP asymmetries of B → D ± π ∓ decays.
Using the relevant formulas presented in the previous sections, we can predict the CP asymmetries in B → D ± π ∓ decays and constrain the CKM angle 2β + γ through the two observables a and c. Firstly, we present the results of the quantities z and δ in Table IV (ii) The CP -violating parameters S D + π − and S D − π + are not sensitive to the choice of the dynamical gluon mass scale, especially when the dynamical gluon mass scale is chosen above the central value 1.5Λ QCD . However, both of them have a strong dependence on the weak angle 2β + γ. The same conclusion is also applied to the two observables a and c. Our predictions for the two observables are consistent with experimental data when considering the corresponding uncertainties. Unfortunately, it is found that with the angle 2β + γ varying within the range (0, 180 • ), almost all of the values for a and c are in the range of the experimental data, which indicates that although direct constraints on the angle 2β + γ could be obtained through these parameters, the present experimental accuracy is insufficient to improve the knowledge of the apex in the unitarity plane. It is expected that more precise measurements in future experiments allow us to extract the angle 2β + γ. 
VI. CONCLUSIONS
In summary, we have calculated the decay amplitudes, strong phases, branching ratios, and CP asymmetries for the B → Dπ decays, including both the color-allowed and the color- In this paper, we have further shown that the divergence treatments used in our previous work [15] are reliable. Namely, the endpoint divergence caused by the soft collinear approximation in gluon propagator could be simply avoided by adopting the Cornwall prescription for the gluon propagator with a dynamical mass scale. Note that when the intrinsic mass is appropriately introduced, it may not spoil the gauge symmetry as shown recently in the symmetry-preserving loop regularization [11] . Meanwhile, for the physical-region singularity of the on-mass-shell quark propagators, it can well be treated by applying for the Cutkosky rules.
The combination of these two treatments for the endpoint divergences of gluon propagator and the physical-region singularity of the quark propagators enables us to obtain reasonable results, which are consistent with the existing experimental data and also in agreement with the ones [24] obtained by using the pQCD approach. However, this is different from the treatment of the latter, where k 2 T and Sudakov factors have been used to avoid the endpoint divergence. It is noted that the resulting predictions for the branching ratios are in general scale dependence on the dynamical gluon mass which plays the role of the IR cut-off. This dependence should in principle be compensated from the possible scale in the wave functions which characterizes the nonperturbative effects. In our approach, the dynamical gluon mass may be regarded as a universal scale to be fixed from one of the decay modes. For instance, in our present considerations, if the decay modeB 0 → D + π − is taken to extract the dynamical gluon mass scale, we have µ g ≃ 440 MeV, and the resulting predictions for other decay modes can serve as a consistent check. Within the current experimental errors and theoretical uncertainties for some relevant parameters, it is seen that our treatment is reliable. In order to further check the validity of the gluon-mass regulator method adopted to deal with the endpoint divergence, it is useful to extend this method to more decay modes. Anyway, the treatments presented in this paper may enhance its predictive power for analyzing non-leptonic B-meson decays. To evaluate the hadronic matrix elements of B → Dπ decays, the meson light-cone distribution amplitudes play an important role. In the heavy quark limit, the light-cone projectors for B, D and π mesons in momentum space can be expressed, respectively, as [8]
From the Feynman diagrams shown in Figs. 1-3 , we can get the amplitudes for each decay mode using the relevant Feynman rules and the light-cone projectors listed in Eqs. (28) .
For the tree diagrams of B 0 → D + π − mode shown in Fig. 1 , the amplitudes of each diagrams can be written as
where A 1j stands for the jth(j = a, b, c, d) diagrams in Fig.1 , k m and k the momentum of m quark propagator and gluon propagator, respectively. Furthermore, D m and k 2 represent for the m quark propagator and gluon propagator, respectively.
In Fig. 1(a) , the π meson can be written as a decay constant since it originates from the vacuum. Inversing the fermi lines and writing down the B meson projector M B , gluon vertex , we can get the amplitude A 1a . A 1b can be calculated in a similar way. In Fig. 1(c) , the As for the annihilation diagrams for B 0 → D + π − in Fig. 3 , the amplitudes can be written
where k ma and k a stand for the momentum of m quark propagator and gluon propagator, and 
We can get the factorizable contribution A f ac (Eq. (21)) and the nonfactorizable part A nonf ac (Eq. (22)) by summing up the formerand the latter two quantities in Eq. (31). For the doubly Cabibbo-suppressed decay mode B 0 → D − π + , its decay amplitude can be similarly expressed as the ones in Eq. (31) due to the same topological structure in these two decay modes.
Finally, for the B − → D 0 π − decay, since its Feynman diagrams are the sums of the colorallowed and the color-suppressed one, we can easily get its amplitudes using the above results. 
